The present paper theoretically investigates the behaviour of frictional coefficient considering variants as active friction radius, brake force variation (BPV) and brake torque variation (BTV) in automobile disc brake system. The variations in the frictional coefficient on the piston side of the rotor disc and on the non piston side has been tracked with the use of equations obtained for the disc brake system under equilibrium condition .The effect of parameters like active friction radius, BPV and BTV has been studied as per the computations of the estimation algorithm. The formulated equations were solved by using the input parameters acquired using the braking system and predetermined values. The comparison of estimated frictional coefficient from numerical output is in agreement with vis-à-vis corresponding similar computed from the virtual braking system model in the Simulink. The results indicated that highest frictional coefficient of 0.7 was obtained on the piston side of the rotor disc and active friction radius is predominantly the impact factor for frictional coefficient.
Introduction
The braking system is essential and crucial part of the active safety control of automobiles. Emerging technological developments in the automobiles seek to make precise, effective and secure vehicles. Actuating mechanism of brake caliper can be mechanical, hydraulic or pneumatic against the both the side of the piston as is shown in Figure 1 (Swapnil, 2014) . Austin and Michael (2011) stated that when the driver depresses the brake pedal, pistons displacement occures within the vehicle's master cylinder. The master cylinder consists of two pistons in one housing; first is for braking the front wheels, and the second for braking the rear, pressing these pistons enables the movement of the brake fluid through a series of steel and rubber hoses to the car's caliper system. Brake fluid is incompressible; hence the force is transmitted from the master cylinder to another piston system in the caliper.This system pinches the brake pads on both sides of the rotor together resulting in a friction force used to decelerate the vehicle. The brake force can be increased by using the brake pedal as a lever and controlling the piston sizes in the hydraulic system.
After the driver relieves the pressure on the brake pedal, springs in the master cylinder return the pistons back to their initial positions. Due to the return of the pistons, ports in the cylinders' housing are uncovered releasing the pressure that had been built up in the wheel cylinders. A check valve in the system helps to maintain a minimum pressure, hence preventing the inclusion of air in the lines as stated by Austin et al. (2011) . When the pressure in the wheel cylinders is reduced, the normal force on the brake pads drops quite significantly, allowing the pads to stick on the disc rotor with a very small friction force. As hydraulic brakes are subjected to the variations in the incompressibility of the hydraulic brake fluid, introducing air can have detrimental effects on the braking reliability and efficiency. Presence of air bubbles in the system can make the brakes feel spongy. This is due to the fact that when the brakes are applied and the pressure in the system increases, the air pockets will compress. This leads in less of the brake force being transferred to the wheel cylinder, and hence a less efficient braking system. If air in the form of bubbles has entered the brake system, it must be bled out to prevent the problems discussed earlier. Nouby and Srinivasan (2009) used the eigenvalue analysis combined with DOE to understand the impact of various geometrical parameters on the disc brake squeal phenomenon. Figure 1 . Schematic diagram of Disc brake (Swapnil, 2014) Eltoukhy and Asfour (2008) concluded that load transfer takes place due to the rearrangement of weight around a vehicle during acceleration, braking, and deceleration. It is pertinent to distinguish between load transfer and weight transfer. Load transfer is an imaginary shift in the weight due to acceleration while the weight transfer takes into consideration the real movement of the vehicle's centre of gravity relative to the wheel axes. .The caliper disc brakes require large actuating force than for drum brakes because they do not have friction moment or servo action to assist the brake application. Circular pads are generally used in caliper brakes which are hydraulically actuated whenever the hydraulic pressure is to be increased by smaller extent as the pads themselves are supported entirely by the piston face.Hence circular pads are less costlier to manufacture since no extra supporting structure is required to be created. Non circular pads are used where the greater performance in regard to pressure expansion is required which is prevalent in aircraft brakes. Ozge, William and Abhijit (2011) evaluated the quality measurements systems in automotive industry and concluded that barking is one of the trouble spots and its effect on the directional stability.
As per Orthwein (2004) coventional design equations for brakes had predicted on either of the assumptions as uniform wear or uniform pressure. If an annular disc brake is replaced with full-faced rigid discs on both input and output shafts and with a lining material that covers the entire face of one of the discs so that r i =0, the torque capability of the brake may be given initially by equation
An analysis of the force lines by Degestein et al. (2006) along a caliper indicated that the suitable position for the measurement of the clamping and tangential forces can be discovered in the friction surface of the brake pads. Since all forces required for the application of brakes must be supported by the brake pads, with the inclusion of these forces in the back plate of the brake pad, a correct prediction is quite difficult due to the multiple contact points with the caliper.The consideration of the active friction radius on the clamping force due to a stationary brake enables radial shifting to the outer edge of the brake disc. During brake actuation the application of tangential force enables a shifting in the tangential direction. Clamping force is exerted due to the combined effect of hydraulic pressure and the piston surface .The tangential force at the contact of the disc pad and rotor disc is F tP = F p . µ (on friction area of the piston side) (2) F tnp = F np . µ (on friction area of the non piston side)
The tangential force, together with mean friction radius R, causes the braking torque,
Ultimately the amount of braking torque results with the help of the dynamic tire radius in the contact patch of the tire, the desired braking force and the deceleration of the vehicle.Due to the support of tangential force on the stator reaction (F 1 ) to the piston force results, considering this force (F 1 ) ,the clamping force does not correspond to the piston force during a braking process. Degestein et al. (2006) concluded that uniform surface pressing occurs due to the active friction radius shifting while braking .The caliper expands itself under the high clamping force due to which shifting of the active friction radius occures and a bigger active friction radius can be assumed.There are no identical shiftings on piston side and non piston side, since the non piston side has more elasic qualities than piston side with regard to the construction. Han et al.(2014) proposed that variations in the actual and average values of the braking torque are caused due to the deviations between the actual and the nominal geometry of the contact between the brake pads and the disc.
Braking force is transmitted hydraulically through the fluid, for cylinders of the same size force transmitted from one is the similar amount as the force applied to other. By engaging the cylinders of different sizes forces can be increased or reduced allowing users to achieve desired braking force for each wheel
The uniform wear out has been assumed by Jorge (2012) in the brake pads and disc, the braking torque can be calculated as a function of brake inner disc and outer diameter ,the pressure between brake pad and disc and frictional coefficient(µ) at the contact of pad and disc. To prevent the numerical instabilities, the transition between the positive and negative braking torque should be smooth. Even though wide research work have been carried out in the field of automotive braking system regarding the effect of the frictional coefficient(µ) at the disc rotor and pad interface on various parameters, but it did not analyze the combined effects of the BPV, BTV and active friction radius at the pad-rotor disc interface.
The present study comprises multitude of equations for frictional coefficient (µ) obtained under the equilibrium conditions using principles of classical mechanics considering the various longitudinal forces. Influence of the operating parameters such as brake force, brake torque and active friction radius are evaluated. The equations are solved with the predetermined values and reference system data. The computed results are compared with virtual Simulink model of the disc braking system.
Frictional Coefficient with Active Friction Radius, BPV and BTV
The rotational deceleration of the wheel and disc are based on the torque caused by the force of friction between the brake pad and disc rotor. The friction force responsible for deceleration is a function of the force applied by the driver to the pedal. The combined effect of forces applied on the wheel show that the vehicle speed decreases as the force of the road on the tire overcomes the force of the axle on the wheel. The clamping force (F c ) acting normal to the contact surface of the disc and the caliper is balanced by the resulting force (F 2 ) to attain the equilibrium condition, tangential force (F tp ) is acting the downward as shown in Figure 2 . Similarly forces at the non piston side of the disc are acting to maintain the equilibrium in the braking process and to avoid the skidding of the vehicle. But due to the actuation mechanism of the piston at the brake disc, the forces at the piston and non piston side are not equal in magnitude, (F np ) is the normal force at the contact of the disc and caliper, (F 2 ) is the reaction force and (F tnp ) is the tangential force. It is pertinent to note that due to the forces (F 1 ) and (F 2 ) the piston force does not correspond to the clamping force. Due to this phenomenon, variation in the active friction radius occurs. Equilibrium equations at the rotor disc in the longitudinal direction results
F 1 -F np =0 ( non piston side)
Weight component (mg) in the downward direction takes into account the accumulated mass of the disc and caliper.Due to the inequality of the forces on the piston and non piston side frictional coefficient (µ) respectively (µ p )and (µ np ) causes the friction forces in the lateral direction mg +µ p. .F P =0 (piston side)
mg+µ np. .F np =0 (non piston side)
The clamping force (Fc) shown in Figure 3 is the result of the pressure exerted by the fluid and the piston surface.The clamping force is responsible for the tangential force (F t ) at the caliper and the disc interface shown in Figure 4 , tangential force (F t ) on piston as well as on the non piston side is expressed below
The tangential force with the active friction radius (R a ) causes the braking torque
The braking torque causes the deceleration of the vehicle, to balance the braking effort required at the front and rear axle torque at the piston and non piston side as calculated below
T np =µ np F np .R (non piston side)
Torque increases with the actuation effort, velocity and temperature (Gillespie, 1965) .The total braking torque for the front and rear axles takes into account the angle (θ) for contact patch of the caliper with disc and inner as well as the outer radius. 
Operating and Geometric Parameters
Following Table 1 shows the calculated and referred parameters from the reference vehicle system by Tania et al. (2012 
Frictional Coefficient Estimation Algorithm
The rotor disc-pad frictional coefficient (µ) estimation is pertinent for computation of the braking torque, which influence the active safety of the automobiles and the passenger. The estimation algorithm should be of low computational complexity and should present the holistic view of the parametrs involved. Figure 5 shows the flowchart for the frictional coefficient (µ) computation. This includes two sub parts: one is for estimation of frictional coefficient (µ) considering the BPV, while the second is for the frictional coefficient (µ) estimation using the BTV.Since the changes in the active friction radius are responsible for the variations in BPV and BTV, it is considered as the predominant parameter in the estimation of the frictional coefficient (µ). 
Simulink Model for the Braking System
The virtual model shown in the Figure 6 simulates the dynamics at the disc rotor-pad interface during the brake actuation. It presents a single wheel brake which can be replicated a number of times to represent a model for multi wheel vehicle. The rotor disc is having starting speed corresponding to the vehicle speed before the brake actuation. The slip between vehicle speed and disc speed is taken as constant at 0.8 represented by the constant block paramater.The bang-bang controller used is based upon the actual slip and the desired slip.The control of the brake pressure is considered through a first order lag that represents the delay associated with the hydraulic lines of the brake system.The model then integrates the filtered rate to yield the actual brake pressure.The gain factor for the contact force is fixed at '1'.The calculated brake torque from tangential force and the active friction radus is set as the block parameter. Further the frictional coefficient is computed by ratio of the forces. 
Validation
The validation of the presented methodology is based on comparison between computes frictional coefficient(µ) with the help of output from the formulated equations solved by acquiring data from reference system and frictional coefficient(µ) obtained from Simulink model of the braking system as shown in Figure 7 . Also the, frictional coefficient(µ) 0.3-0.7 as selected from the database of the simulated results are comprised in the range proposed by Degestein et al.(2006) in published work for manvehicle interface while this investigation concentrates on brake disc rotor-pad inerface. 
Results and Discussion
The computed frictional coefficient (µ) obtained from the numerical simulation of the equations have been discussed below.It depicts the comparison between the frictional coefficient (µ) obtained for verying conditions input parameters i.e. active friction radius, BTV and BPV. However the Simulink model can be simulated produce the results as shown in the tables below Figure 8 (a) shows the output for the frictional coefficient(µ) produced by the deduced equations for the piston side.The contact point of the coulomb friction force is subjected to variations due to the varying braking effort required to decelerate the vehicle.The results indicates shifting of the active friction radius. The indicated frictional coefficient (µ) conforms to the range 0.5-0.7 which is acceptable as per the norms Degestein et al.(2006) .The variations in the active friction radius (Ra) ranges from the 4-6 mm. The optimum shifting point can be considered between 5.5-6 mm since it has produced the lesser values of the frictional coefficient (µ). The changes in the active friction radius (Ra) leading to changes in frictional coefficient (µ) for the non piston side are presented in the Figure 8 (b) , the changes in the contact point pertains in the range of 5.5-7.5 mm.This range is greater than that respective for the piston side, the assignable cause is the increased braking torque and pressure distribution for piston side.It evident that the prevailing range for active friction radius (Ra) is greater than that for the piston side arising due to unequal force application. 
Effect of active friction radius on frictional coefficient (µ)

Effect of radius of friction on Brake Torque Varaition (BTV)
The braking torque variations with respect to the contact point distance of the coulomb friction force are presented in the Figure 9 (a) and (b) respectively for the piston and non piston side.The active friction radius (Ra) variations are ultimately reflected into the braking torque variations.The braking torque variations at the piston side are between the 4-6 mm while vis-à-vis silmilar for the non piston side are reflected in the range 5.5-8 mm which is evident of the probability of less variations of the braking torque at the piston side. Due to the tangential force acting at the interface of the caliper and the disc there is a shift of the contact point distance of the Coulomb friction force primarily because of the movement of the caliper during the braking process.The changes in the active friction radius (Ra) leads to the varitions in the braking torque variations at the brake disc, the torque pulsations are transferred to the axle and ultimately to the suspension systems. Since the forces at the piston side are the result of the hydraulic pressure, the control on the hydraulic pressure and use of abutment means can be helpful to produce the required braking torque at the disc. Figure 9 . BTV with active friction radius
Effect of active friction radius on braking force variation (BPV)
The effect of tangential force at the interface of the caliper and disc on the active friction radius (Ra) have been studied and indicated in Figure10 (a) and (b) for the piston and non piston side respectively. The force variations for the piston side have been considered in the range of 20-35Klb produced the changes in the contact point variations between 4-6 mm similarly for the non piston side predetermined force variations of 30-45 Klb enabled the variations of the contact point between 5.5-7.8 mm. The variations in contact point application of the tangential force leads further to the differential wear of the brake pad attached to the caliper which is responsible for the driver discomfort through steering linkage. The tangential force in the forward motion braking is equal to the drag generated by the outer frictional components which will change for the piston and non piston side due to the pressurised fluid on one side of the piston. 
Conclusions
The present investigation reports the computation of frictional coefficient(µ) at the rotor disc -pad interface considering the BPV and BTV related in the braking process.The brake forces (F l , F 2 ) ,braking toques (T p ,T np )and active friction radius (Ra) were used in the estimation algorithm to compute the frictional coefficient (µ).Following inferences can be drawn  The maximum frictional coefficient (µ) of 0.75 has been indicated for the piston side of the pad as shown in Figure 8 (a) due to the least variations in the active friction radius (Ra).  As per the simulation results it can be asserted that the frictional coefficient (µ) algorithm is suitable for estimation of the frictional coefficient (µ) at the interface of rotor disc -pad.  The dependence of the BPV and BTV on the active friction radius (Ra) is presented in the Figure 9 (a) and (b) , and in the Figure 10 (a) and (b). The increase in active friction radius (Ra) have led to the increase in BPV and BTV as well..  The state estimation and parameter identification method reported in the paper can accurately predict the state of the braking system and rotor disc -pad interface frictional coefficient (µ) which will achieve desired safety control.
 The results presented considering various longitudinal forces are useful for automobile brake designers to investigate the phenomenon like brake judder. 
